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Abstract 

In the present article we show that there is a large class of homoge¬ 
neous spaces G/H of reductive type which cannot be a local model for 
any compact manifold M with solvable fundamental group. Another 
way of expressing this is: we prove that under certain assumptions, a 
reductive homogeneous space G/H does not admit a solvable compact 
Clifford-Klein form. This generalizes the well known non-existence 
theorem of Benoist for nilpotent Clifford-Klein forms [T] . This general¬ 
ization works for a particular class of homogeneous spaces determined 
by a “very regular” embeddings of H into G. 
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1 Introduction 

Let G be a Lie group and H a closed subgroup of G. In differential geome¬ 
try, one very often wants to know how strongly a local geometric structure 
determines global properties of a given manifold. Consider the case of a 
homogeneous space G/H. In this framework, one can ask a question (see 
also |I^): what is a possible fundamental group of a compact manifold M 
locally modeled on G/H? Assume that we are given a homogeneous space 
G/H of a semisimple non-compact Lie group G and that there exists a dis¬ 
crete subgroup r C G that acts properly and co-compactly on G/H (that 
is, the double coset T \ G/H is compact). Note that we may assume L to 
be torsion-free. Therefore L acts freely on G/H. Thus, T\G/H has a nat¬ 
ural structure of a smooth manifold. Clearly, under some mild assumptions, 
7ri(r\G/iL) = T. It follows that our question can be reformulated as follows: 
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does G/H admit a proper and co-compact action of a discrete T C G? If yes, 
we say that G/H admits a compact Clifford-Klein form. 

Problems related to Clifford-Klein forms of homogeneous spaces were in¬ 
tensively studied in many research papers. Let us mention those of them 
|IlEll6l[7lEl[9mniElE3lEl[l8l[28l|30], which were inspiring for us. The 
question of the existence of compact Clifford-Klein forms seems to be chal¬ 
lenging. 

1. The Calabi-Markus phenomenon HU states that if G is reductive, H 
is a reductive connected subgroup and rankK(g) = rankffi([)) then only 
finite groups can act properly discontinuously on G/H. Thus, there 
does not exist a compact M locally modeled on G/H and any manifold 
modeled on G/H has a finite fundamental group. 

2. Assume that G is reductive and H is reductive and connected. The 
work [1] yields a condition for G/H to admit non-virtually abelian 
discrete subgroups (a group is said to be virtually abelian if it has an 
abelian subgroup of finite index). For instance 

XsL ■= SL{2n 1, M.)/SL(2n, M), n > 1, 

admits a proper action of an infinite discrete subgroup of G, but ev¬ 
ery such discontinuous subgroup is virtually abelian. Note that G/H 
admits a compact Clifford-Klein form only if it admits a non-virtually 
abelian Clifford-Klein forms, by a result of Benoist |T]. Therefore, there 
are no compact manifolds locally modeled on Xsl and every manifold 
locally modeled on Xsl has a virtually abelian fundamental group. 

3. On the other hand, if G is semisimple and iC C G is a maximal com¬ 
pact subgroup then G/K admits a compact Clifford-Klein form (one 
can take for T a co-compact subgroup T G G). Also, for example, 
S'0(4,4n)/S'0(3,4n), admits compact Clifford-Klein forms (see Table 
3.3 in [7] for a list of all known symmetric homogeneous spaces admit¬ 
ting compact Clifford-Klein forms). 

4. Any compact Clifford-Klein form of GL(n, M) K W^/GL{n,M.) is con¬ 
jectured to be virtually solvable (Auslander’s conjecture). 

5. A theorem of Benoist [1] shows that nilpotent groups cannot yield com¬ 
pact Clifford-Klein forms of semisimple homogeneous spaces. In greater 
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detail, the following holds; assume that G/H is a non-compact homo¬ 
geneous space of a semisimple real Lie group. If a nilpotent subgroup 
N G G acts properly on G/H, then N \ G/H cannot be compact. 
Therefore there are no compact manifolds with nilpotent fundamental 
groups locally modeled on semisimple G/H. 

In the present paper we study the following problem: does there exist a 
manifold locally modeled on a homogeneous space G/H of reductive type, with 
a solvable fundamental group? Note that we understand "locally modeled" 
as a diffeomorphism M = T\G/H, because we are interested in geometric 
applications (since T is a subgroup of G acting on G/iL by left translations, 
invariant geometric structures on G/H descend onto M). 

The problem is much more complicated than in the nilpotent case, as 
there may exist solvable, non-discrete subgroups of G acting properly and 
co-compactly on G/H. For instance, take X = S'0(4,4)/S'0(3,4). One may 
prove that 

^0(4,4) = ^0(3,4)^0(1,4) 

for certain embeddings S'0(3,4), S'(9(l, 4) ^ S'(9(4,4) such that 

S'0(3,4) n S'0(l,4) = S'0(3) (see Table 2 in |2I])- Therefore 

FO(4,4)/FO(3,4) = ^0(1,4)/50(3) 

and since S0{3) is compact any subgroup of S'0(l,4) acts properly on 
^0(l,4)/^0(3) (and thus, on 50(4,4)/50(3,4)). 

Let 50(1,4) = KAN be the Iwasawa decomposition of 50(1,4). Then AN 
is a solvable subgroup and, since it is closed, it acts properly on X. Moreover 
AN acts co-compactly on X (this follows from Theorem [2]) . 

In the present article we show that there is a large class of homogeneous 
spaces G/H oi reductive type which cannot be a local model for any compact 
manifold M. 

Definition 1. Let G be a non-compact semisimple real linear Lie group. 
We will say that a closed subgroup W C G is of parabolic type, if H is the 
semisimple part of the Levi subgroup of some parabolic subgroup P G G. 
We will call G/H the homogeneous space of parabolic type. 

Example 1. The following pairs {H,G), H G G, represent subgroups of 
parabolic type. 

{SL{m, M), SL(n, M)), {Sp{m, M), Sp{n, M)), 
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{S0*{2m), S0*{2n)), {SU{m,m), SU{n,n)); 1 < m < n 
{SO{k,k),Ei), (5L(fc +1 < A; < 5 

(S(7(3,3),B''), (Bj'.O, (SO(3,4),fi). (SO(3,11).Bs"') 

For the notation see Table 9, pages 312-317, [T9] . 

Our main result is the following. 

Theorem 1. Let G/H be a homogeneous space of parabolic type. Assume 
that a virtually solvable subgroup T G G acts properly on G/H. Then the 
space r \ G/H is non-compact. Therefore there are no compact manifolds 
with solvable fundamental groups locally modeled on homogeneous spaces of 
parabolic type. 

Corollary 1. The following homogeneous spaces do not admit virtually solv¬ 
able compact Clifford-Klein forms 

SL{n,R)/SL{m,R), n > m > 1. 

Notice that SL{n,M.)/SL{m,'R) is an important “test example” in the 
theory of compact Clifford-Klein forms. Benoist proved in [1] that the ho¬ 
mogeneous space SL{/2n + l,R)/SL{2n,R), n > 1 does not admit compact 
Clifford-Klein forms at all. The general case SL{n, M)/ SL{m, M) is still open 
and of signihcant interest (see n, na, mi, ng for partial results). 

There is yet another way of looking at the main result of this work. One 
of the important and challenging problems in the whole area is Kobayashi’s 
conjecture, which we now describe (see Conjecture 3.3.10 in 0 ). Assume 
that G/H is a homogeneous space of reductive type. We say that G/H ad¬ 
mits a standard Clifford-Klein form, if there exists a reductive Lie subgroup 
L G G such that L acts properly on G/H and L \ G/H is compact. We 
will call {G, H, L) a standard triple. The Kobayashi’s conjecture states that 
for semisimple real Lie groups G and homogeneous spaces G/H of reductive 
type, the existence of a compact Clifford-Klein form on G/H implies the ex¬ 
istence of a standard one. Notice that the Kobayashi’s conjecture indicates 
that compact Clifford-Klein forms of non-compact homogeneous spaces G/H 
of reductive type are rare and of a special nature. Our motivation is to elim¬ 
inate the possibility of obtaining Clifford-Klein forms from double quotients 
of connected subgroups that are solvable, and, therefore, to obtain further 
evidence for the conjecture. From this point of view, the theorem of Benoist 
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PP, which we have already mentioned, shows that nilpotent groups cannot 
yield Clifford-Klein forms. In this paper we show that essentially larger class 
of solvable groups cannot yield Clifford-Klein forms of homogeneous spaces 
G/H determined by “regularly embedded” subgroups H. 

2 Preliminaries 

Throughout this article we use the basics of Lie theory without further expla¬ 
nations closely following |20) . Also we denote the Lie algebras of Lie groups 
by the corresponding Gothic letters g, f),... etc. We also use rela¬ 
tions between real Lie groups and algebraic groups following [15], [T^.p^j. 
|26| ■ |29j . Let G be a real connected linear seniisimple Lie group with the 
Lie algebra g and H G G a. closed connected subgroup with the Lie algebra 
f). The Lie algebra g has a Cartan decomposition (and the corresponding 
Cartan involution) 

0 = e + P 

where t is a maximal compact Lie subalgebra. Choose a maximal abelian 
subspace a C p. Note that all such subalgebras are conjugate in g. There is 
a maximal abelian subalgebra t C g (called the split Cartan subalgebra) of 
the form 


t = 3t(a) + a- 

Then C is a Cartan subalgebra of the complexification g*^, and, therefore, 
determines the root system E of g^. The (non-zero) restrictions of a G S on a 
form a system of restricted roots A (which is an “abstract” root system itself). 
In this article we will use only restricted roots. Therefore, throughout this 
paper we will call them “real roots”. Recall that the real root decomposition 
is given by the formula 


0 = + a+'^Qa, 

aSA 

where go are the weight subspaces of the adjoint representation ad a (go need 
not to be one-dimensional). Note that we will use the basics of the theory of 
root systems in the real case. 

The Weyl group IK of g is the finite group of orthogonal transformations 
of a (with respect to the Killing form of g) generated by reflections in hy- 
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perplanes Ca '■= {X G a | a{X) = 0} for a G A. The following is well 
known. 

Proposition 1 ([20], Proposition 4.2, Chapter 4). The group W coincides 
with the group of transformations induced by automorphisms Adk {k G Nk{o)) 
and also with the group of transformations induced by automorphisms Adg 
{g G Xcia)). Therefore 

W ^ NK(a)/ZK(a) ^ NG(a)/ZK(a). 

Also, the Weyl chamber o’*" is determined by a set of positive roots A+ for 

A. 

Definition 2. Let G be a real semisimple Lie group and H be a closed sub¬ 
group. The homogeneous space G/H is of reductive type if there exists a 
Cartan involution 6 of g such that 6(1)) = [). 

Notice that if G/H is of reductive type then if is a reductive Lie group. Also, 
we use a relation between Lie groups and linear algebraic M-groups (see |15)L 
If G C GL(n, C) is an algebraic M-group, then G = Gr = G fl GL(n, M) is 
a Lie group with a finite number of connected components. 

Let A be a Hausdorff topological space and L a topological group acting 
on X. We say that an action L on X is proper, if for any compact subset 
S C X the set 

{7€r|7(S)ns#0} 

is compact. In particular, in this article we consider the proper actions of 
r cGonA = G/H hy left translations. It easily follows from the definition 
that if a closed connected Lie subgroup L <Z G acts properly on G/H then 
any orbit of L is closed. 

We will also need the following results on proper actions. For a connected 
Lie group J define d{J) := dim J —dim Kj, where Kj is a maximal compact 
subgroup of J. 

Theorem 2 m, Theorem 4.7 and [18], Theorem 3.4). Let A C G and 
B <Z G be closed connected subgroups of G. If A acts properly on G/B then 

A \ G/B is compact iff d{G) = d{A) + d{B). 
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Let g = t © p be a Cartan decomposition, and let A+ be a subset of 
positive roots of the real root system A with respect to a hxed a C p. Set 

n = ^ 0a- 

aGA+ 

One can easily see that n is a real nilpotent subalgebra of g. Also, a + n is a 
solvable subalgebra of g. One obtains the Iwasawa decomposition 

0 = t + a + n, 

where t is a maximal compact subalgebra of g. It follows from Dehnition 
[21 that if G/H is of reductive type, then p admits a Cartan decomposition 
compatible with that of g; 

l) = th + Ph, fh = f n 1), p;, = p n p. 

In the same way, i) admits a compatible Iwasawa decomposition 

\) = Ih + a-h + rih, Uh = nn 1), ah = an\). 

Now let G be a connected semisimple Lie group whose Lie algebra is g. 
There exists a connected compact Lie subgroup K G G and simply connected 
Lie subgroups A and N whose Lie algebras are a and n such that 

G = K-A-N 

is a topological decomposition into a direct product of subgroups. This de¬ 
composition is the (global) Iwasawa decomposition of G. In the same manner, 
we obtain the compatible global Iwasawa decomposition of H: H = K^-Ah-Nh 
(the meaning of the symbols is clear). We need also one more decomposition, 
the Cartan decomposition, G = K ■ A- K. Consider G as a semisimple group 
of M-points of an algebraic M-group G, and A as a subgroup of M-points of a 
maximal algebraic torus A. Then one can use the root system A = A(A, G) 
of G with respect to A and dehne the global Weyl chamber 

A"*" = {a G A I x(a) > 0, for anyx e A"^}. 

For more details we refer to [1]. Note that we use the same symbol to denote 
the root systems for G and g. This easily yields the decomposition 

G = K-A+-K 
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(which is also called the Cartan decomposition). Thus, for any element g & G 
there is an element G such that g & K ■ ag- K. This element is unique, 
hence there is a well dehned map : G ^ A~^ given by the formula 

/i(5') = Cbg, 

called the Cartan projection. The function /i is continuous and proper (that 
is, the preimage of a compact set is compact). Also, using the diffeomorphism 
log : A+ —)■ a’*' one obtains a proper map /i : G —)■ a’*’, where C a is a 
closed Weyl chamber in a. Note that we will denote both maps by the same 
letter, because we will use it only as a map with as a target. We will need 
the following characterization of a properness of an action of a subgroup on 
a homogeneous space. 

Theorem 3 ([T], Corollary 5.2 and |H], Theorem 1.1). Let A, B (Z G be closed 
connected subgroups of G and n the Cartan projection in G. The subgroup A 
acts properly on G/B if and only if 

/r(A) n (p(i?) + G) 

is bounded for every compact subset G C a. 

In this paper we are following an approach of Toshiyuki Kobayashi HH. 
The latter is based on the following observation. 

Proposition 2 m, Lemma 2.3). Let a real Lie group G act on a locally 
compact Hausdorff space X and T be a uniform lattice in G. Then 

1. The G-action on X is proper iff the T-action on X is proper. 

2. G\X is compact iffT\X is proper. 

Also, in the proof of the main result we will use the fact that homogeneous 
spaces G/H of reductive type and of maximal real rank cannot admit proper 
actions of non virtually abelian discrete subgroups, and, hence, cannot ad¬ 
mit compact Clifford-Klein forms. This fact is called the Calabi-Markus 
phenomenon. 

Theorem 4 m, Corollary 4.4). Let G/H be a homogeneous space of reduc¬ 
tive type. If rank^G = rank^H, then only finite groups can act properly on 
G/H. In particular, such G/H cannot have compact Clifford-Klein forms. 
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In the proof of Theorem [T] we will need the Jacobson-Morozov theorem 
(see |3], Theorem 9.2.1). We say that a triple (hf, X, Y) of vectors in g is an 
sh-triple, if 

[H, X] = 2X, [H, Y] = -2Y, [X, Y] = H. 

Theorem 5 (Jacobson-Morozov). Let q be a real semisimple Lie algebra and 
X be a non-zero nilpotent element. Then there exists an sl 2 -triple {H,X,Y) 

in g. 

Since we consider real Lie algebras, we use the following definition of a 
parabolic subgroup: it is parabolic, if its Lie subalgebra q is parabolic in 
the following sense: the complexification q^ is a parabolic Lie subalgebra in 
the complexification g'^ of g. Note that although we define q in terms of Lie 
algebras over C, it admits a complete description in terms of the real root 
system of g. We will present the details in Section [3l Also, we refer to |20) 
(Chapter 6, Section 1.5) and |22] . 

3 Proof of Theorem T] 

3.1 Zariski closures and syndetic hulls 

One of the important tools in the proof of Theorem [T] is the following result 
from |3]. 

Theorem 6 ([1], Section 1.6). Let V be a finite-dimensional real vector space 
and G a virtually solvable subgroup of GL{V). Then there exists at least one 
closed virtually solvable subgroup H C GL{V) containing G such that: 

1. H has finitely many components and each component meets G; 

2. (syndeticity) there exists a compact set K <Z H such that H = K ■ G; 

3. H and G have the same Zariski closure in GL{V). 

Assume now that we are given a homogeneous space of a reductive type G/H, 
and that G is connected and linear, thus, G C GL{V). Assume that T is a 
solvable discrete subgroup of G acting properly and co-compactly on G/H. 
Consider the Zariski closure L = T. Apply Theorem [6] to T (instead of G). 
We obtain that there exists a subgroup B C GL{V) such that B D T and 
T = B = L (that is, we have B instead of H in Theorem [6]). Since L is the 
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Zariski closure of F, it is also solvable. Therefore, since B = L, we obtain 
a (virtually) solvable subgroup B such that F \ i? is compact. Consider the 
connected component Bq. Note that B has only finite number of connected 
components, hence Bq is a connected Lie subgroup in G. Clearly, Bq must 
be solvable. Since the Lie subgroup B contains a uniform lattice B G G, so 
does Bq. This is a consequence (for example) of the following facts (see |29| . 
Chapter 1, Sections 4.1 and 4.2): 

• For a closed subgroup S' in a Lie group R a discrete subgroup T G R 
has the property F fl S is a uniform lattice in S if and only if S • F is 
closed in R, 

• the followng two conditions are equivalent: a) S is a closed Lie subgroup 
such that S • F is closed, b) the map ip : F/SnF —)■ R/S which is a 
restriction of the projection R —)• R/S has a discrete image. 

Applying the latter to R = B and S = Bq, one obtains that Sq H F is a 
uniform lattice in Bq. 

Definition 3. The subgroup B G G constructed in Theorem E] will be called 
the syndetic hull of F. 

We summarize our consideration as follows. 

Lemma 1. Assume that G/H is a homogeneous space of reductive type and 
that G is a connected real linear Lie group. If a discrete solvable subgroup 
T G G acts properly and co-compactly onG/H, then it admits a syndetic hull 
B, which is a connected solvable Lie subgroup admitting a uniform lattice F. 
The syndetic hull B acts properly and co-compactly on G/H. 

Note that the last claim of the lemma follows from Proposition [2l 

3.2 Preliminaries needed in the proof of Theorem [1] 

We will use the following Lemma and Theorem in the proof of the main 
result. 

Lemma 2 ([lO], Lemma 1.3). Let Gi,G 2 be locally compact groups and 
Li,Hi G Gi, L 2 ,H 2 G G 2 be closed subgroups. Assume that / : Gi —)■ G 2 
is a continuous homomorphism such that f{Li) G L 2 , f{Hi) G H 2 , f{Li) is 
closed in G 2 and Li fl Kerf is compact. Then if the action of L 2 on G 2 /H 2 
is proper then the action of Li on Gi/Hi is proper. 
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Theorem 7 ([2S], Theorem 6.2). Let M and N he connected subgroups of 
a connected, simply connected, solvable Lie group S. If M\S/N is compact, 
and every orbit of M is closed, then S = MN. 

Following Onishchik j21] we introduce the notion of the factorizations of 
Lie groups and Lie algebras. 

Definition 4. We say that a triple {G, H, L) of Lie groups is a factorization, 
if H and L are Lie subgroups of G and G = H ■ L. In the same way, a triple 
of Lie algebras (g, f), 1) is called a factorization, if [) and I are Lie subalgebras 
of g, and g = f) + 1. 

We will need the following straightforward result. 

Proposition 3 ([23], Corollary on p. 88). If a triple of Lie groups is a 
factorization, so is the triple of their Lie algebras. 

3.3 Inclusion B c TUCn{T) 

Use the notation from the previous subsection. In this subsection we don’t 
use the fact that B is a syndetic hull of F. Instead of that, we consider the 
following. Assume that we are given a reductive homogeneous space G/H 
and a closed connected solvable subgroup B C AN acting properly and co- 
compactly on G/H. Let T = Af] (BN), U = B (1 N and denote by GjqiT) 
the centralizer of T in N. Consider the Zariski closure f = B = L oi T. 
Denote the Lie algebras oi B,B = L, U, U, T, T, GjqiT), Gn{T) by 

b, [, u, u, t, t, c, Ct, 

respectively. Following na, we say that B is compatible with A, ii B G 
TUGn{T). 

Lemma 3 (El. Lemma 2.3). If B is a closed connected subgroup of AN, 
then it is conjugate, via an element of N, to a subgroup which is compatible 
with A. 

Thus, in our considerations we will always assume that 

B C TUGn{T). 

Lemma 12] implies also the following. 
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Lemma 4. The following holds: u + c = u, t C t, [t, u] C u. 

Proof. The proof of this lemma is contained in the proof of Lemma [3] (|17). 
Lemma 2.3). Therefore, we reproduce it for the convenience of the reader. 
Let B be the identity component of the Zariski closure of B, and write 
B = T >i tj, where t7 is a subgroup of N and T is conjugate, via element of 
N, to a subgroup of A. Here we use the well-known fact (j2j. Theorem 10.6 
(4)) that a real connected solvable algebraic group L is a seniidirect product 

L = f X 

of a torus, and a unipotent subgroup U. We may assume that T <Z A 
(taking a conjugate, if necessary). Let U = B N. It is proved in [2^ 
that <Z B p[ N, which implies C u. Also, T <Z A. Clearly, 

the subalgebra u is A(i( 5 (T)-invariant, and the adjoint action of T on u is 
completely reducible. It follows that there is a subspace c C u such that 

AdG{T){c) = 0, and u -|- c = u. 

Therefore, t/Cjv(T) = U, so B = fUCNif). hot ■. AN ^ A be the 
projection with the kernel N^ and let T = 7r(i?). We get 

T = 7r(H) C 7r(H) = T ^ Cn{T) D Cn{T). 

For any b ^ B, there exist t E T,u E U and c G C]sf{T) such that b = tuc. 
But uc E N, hence t = ■n{b) E T, and, because Cn(T) D Cp^{T), we obtain 
c E C'Ar(T). Therefore, b E TUC]\f{T). Finally, [t,u] C u. Now, it follows 
from Lemma H] that [t, u] C u. The proof of both Lemma E] and Lemma 0] is 
complete. □ 

3.4 Non-unimodularity of B 

Theorem 8. Let B C AN he a compatible subgroup acting properly and co- 
compactly on a homogeneous space G/H of a parabolic type. Assume that 
rank]g_G > rank^H. Then B cannot he unimodular. 

Proof. Consider the inclusion / : AN ^ G and put Li = AhNh, L 2 = 
AN, Hi = AhNh, H 2 = H. Apply Lemma [2l This shows that B acts properly 
on AN/AhNh- Also, B acts co-compactly on AN/AhNh- The latter easily 
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follows from Theorem [2J Indeed, d{B) + d{H) = d{G), since B acts co- 
compactly on G/H. But d(H) = d{AhNh), and d{AN) = d{G). Hence, 
d{B) + d{AhNh) = d{AN), and Theorem [2] applies. Therefore, every orbit of 
this action is closed. Applying Theorem [7] we obtain a decomposition 

AN = B{AhNn) = LA^N^. (1) 

Applying Proposition [3] and the equality I = t + u we get 

a + n = (t + u) + (a/i + u/^). 

Since tea and u C n (see the proof of Lemma 0]), one obtains 


n = Uh + u. 


( 2 ) 


By dehnition, U G B. Therefore, it is easy to see that one can write 

B C U[BATGn{T)]. 


The latter equality implies 


b e u + t + c^. 


Therefore, (1) and (3) imply 

(a + n) = b + (a/i + n/i) = (t + u + q) + + ri/i) 

and since C n we have 

t + = a. 


Consider the decomposition 


(3) 


(4) 


(a + n) = a+ Qa- 

aeA+ 

Since 1) is a semisimple part in some parabolic subalgebra of g it follows 
that f) admits an Iwasawa decomposition (see jTU], Section 1.5, Chapter 6) 
f) = fi/i + a/j + n/i such that ah C a and 


{ah + nh) = ah+ ^ Ba- 
aeA+ 
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for a subset of positive roots of C A, where Ah is the root system of 
i) and A is the root system of g. Moreover, there exists G a so that 


A/i = {a G A I a{xh) = 0}. 

Define A+ C A by A+ := {a G A | a{xh) > 0} and put 

nx ■■= 0 "- 

oeA+ 

Therefore (since A^ U A^ = A^) we have a decomposition 


n = n/j + a 




(5) 


Since Uh is given by some subset of root spaces of g, it follows that 


[t, Ufe] C Xlh. 


Thus for any Y E t the decomposition (5) is ady-invariant. Now we will 
get one more ady-invariant decomposition. By (2), and the decomposition 
u = u + c combined with the obvious inclusion c C we obtain 


( 6 ) 


n ^ It,. + u + Cf. 


The decomposition (6) is ady-invariant, although not direct. We understand 
ady-invariance in the sense that subspaces Uh and u + c* are ady-invariant, 
which follows from [t, u] C u (Lemma H]), the assumptions on f) and [t, Cf] = 0. 
Note that ufln/i = {0}, since U C B and B acts properly on G/H. In greater 
detail, we argue as follows. If U/i fl u is not trivial, it contains MX for some 
nonzero A G n. It follows from the Jacobson-Morozov Theorem (Theorem [5]) 
that there exists an s[ 2 -triple that contains X. Since the Cartan projection 
of N equals the Cartan projection of A for any semisimple, connected Lie 
group S with the Iwasawa decomposition S = KAN (see Theorem 5.1 in 
m), we see that fl fi{B) is not bounded, a contradiction. 

Let m = (ri/i -I- u) fl Ct. It is straightforward to see that this subspace is 
ady-invariant. Writing down an ady-invariant decomposition c* = m © m' 
one obtains one more ady-invariant (direct) decomposition 


n = u/j © u © m'. 


(7) 
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Finally, (5) and (7) together yield, for any Y E t, two decompositions of n 
into invariant subspaces of the endomorphism adY : n —)■ n, namely: 

n = U/i + Uj, and n = U/i + u + m'. (8) 

We will use (8) as follows. Notice that for any Y E i one has ady^b) C b. 
Indeed, 

ady(t + u + cj C u C b. 

From this and (8), as well as the fact that the trace does not depend on the 
basis we obtain 


Tr((ady)|t,) = Tr((ady)|u) = Tr((ady)|„J. (9) 

Recall that we assume that b must be unimodular. We will show that there 
exists Z = Y + X E b such that; 

• Y Ei, X E CtCn, 

• Tr((ady)|nJ ^ 0. 

Since adx is nilpotent, the latter yields 

Tr{{adz)\b) = Tr((ady)|b) = Tr((ady)|nJ ^ 0. 

Therefore, for such Z E b, tr{adZ\i,) ^ 0. This shows that b cannot 
be unimodular, and we arrive at a contradiction. It remains to show the 
existence of Z. We complete the argument in the four steps below. 

Step 1. Let Wg be the Weyl group of g. For Y E a, w E Wg and a E 
A we have aiY) = {wa){wY). Indeed, since Wg acts on a by orthogonal 
transformations (with respect to the Killing form /C of g) we obtain 

a{Y) = Y) = X{wH^, wY) = wY) = wa{wY), 

where Ha E a denotes the root vector of a. 

Step 2. Let Wh be the Weyl group of t). Notice that Wh is a subgroup of 
the Weyl group Wg of g (since Ah C A) and for any w E Wh, we have 

w{At) = At- 

To see that, notice hrst, that for any a E Ah 

a{xh) = 0 Sa{xh) = Xh, 
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where Sa G Wh denotes the reflection induced by a. Now it follows from Step 
1 that 

0 < a{xh) = wa{wxh) = wa{xh)- 
Therefore a G A+ iff wa G 

Step 3. Take ^ := X]oeA+ where = dim^Qa)- Take w G Wg. By 
Proposition [H W is isomorphic to Nx{ci)/ZK{ci) and thus there exists k & K 
such that w = Adk\a. Since 

A G ^ V^ea [H,X] = a{H)X ^ V^ga Adk{[H,X]) = Adk{a{H)X) 

^ [wH,Adk{X)] = a{H)Adk{X) ^ (**) 

It follows from Step 1 that 

(**) -v^ Vj^ga [wH, Adk{X)] = wa{wH)Adk{X) 

^ [H,Adk{X)] =wa{H)Adk{X) ^ Adk{X) G g^a- 
Therefore 

dim(0a) = dim{Adk{ga)) = dim(0^„). 

This implies that for w G Wh we have since w{A^) = A^. Therefore 

(that is, the vector dual to ^ with respect to the Killing form of g) is 
perpendicular to ah, because ah is spanned by {a* \ a G A/i}. 

Step 4. Note that a = t + O/^ and ah ^ a (this is the assumption ranksG > 
rank^H, compare the Calabi-Markus phenomenon, that is. Theorem 0])). It 
follows from Step 3 that there exists K G t that is not perpendicular to ^*. 
Moreover 

rr(ady|.j = J(y) 

is obviously nonzero. 

Finally, it remains to prove that having K G I with the property Tr(a(iy|n^) ^ 
0 there exists Z = Y + X E b with nilpotent X. Note that AN is a semidirect 
product of A and N, therefore, the projection vr : AN A onto the first 
factor, is a homomorphism. Note that vr(i?) = T (see the proof of Lemma 0]). 

It follows that dvr : a + n —?• a is a projection as well. Hence, Y = d 7 r{Y + A), 
where A G n, as required. The proof is complete. □ 
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3.5 The property B C AN and completion of proof 

In general, for the syndetic hull, the inclusion B C AN does not hold. How¬ 
ever, we will show that we may assume this in our context. To do this, we 
need some preparations. Let G be a real semisimple and connected Lie group 
with an Iwasawa decomposition G = KAN. Recall that an element g E G 
is called 

• hyperbolic, if g is conjugate to an element in A, 

• unipotent, if g is conjugate to an element in N, 

• elliptic, if g is conjugate to an element in K. 

In what follows we will use the following facts from |5] (see Subsections 10.2- 
10.9 in this paper). 

Lemma 5 ([5]). Each g E G has a unique decomposition 


g = auc 

where a is hyperbolic, u is unipotent and c is elliptic. Moreover: 

• a, u and c commute, 

• a,u,cE {g), where (g) denotes the Zariski closure of (g). 

The decomposition g = auc is called the real Jordan decomposition. In our 
context, a real algebraic group T is a torus, if T is abelian and Zariski 
connected, and every element of T is semisimple. A torus T is R-split, if 
every element of T is diagonalizable. 

Lemma 6 ([28]). Let T be a torus. If Tgput is the maximal 'R-split subtorus 
ofT, and Tcpt is the maximal compact subtorus ofT, then 

T = Tgpiit ■ Tcpt 

and Tgpitt fl Tcpt '^s finite. 

We will also need the following well known fact (see H). 

Proposition 4. Let T be a (co-compact) lattice in a locally compact topolog¬ 
ical group L, and Li be a normal subgroup. Let tt : L —)■ L/Li be the natural 
projection onto the quotient group. Then T fl Li is a (co-compact) lattice in 
Li if and only if 7r{r) C L/Li is a (co-compact lattice) in L/Li. 
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Again, L = T = B is real algebraic, and, hence it is a seniidirect product 

L = f^U 

of a torus, and a unipotent subgroup U. By Lemma [6l T = Tgput ■ T^pt, 
and the letter subtori have finite intersection. Therefore, any I G L has the 
unique real Jordan decomposition 

I ta G Tgpui^ G T(,pi^ u G U. 

Clearly, Li = Tgput k 17 is normal in L, and LjLx is compact. Also, by 
Theorem 0 i? is closed. Consider B n Li. It follows that B n Li is normal 
in B and B/B D Li is a closed subgroup in the (Lie) group L/Li. Therefore 
B/BDLi is compact. Referring to PropositionlUwe conclude that rn(RnLi) 
is a lattice. Also, since B (1 Li = B' is co-compact in B, we may assume 
that B' acts properly and co-compactly on G/H, and, therefore, so does 
T' = R' n T. It follows that without loss of generality we may assume the 
following; 


L Tgpiif X U. 

In the latter case we have I = ua for each element I E L, and u,a E L (by 
Lemma[5l since L is Zariski closed). Then, Tgput is contained in some maximal 
split torus T of G, that is, in some subgroup conjugate to A. Replacing L by 
a conjugate, we may assume that Tgpm C A. In other words we know that 
L n A is a maximal split torus in L. Using this we can prove that 

L = Tgpiu{LnN) (*) 

(that is, U = L n N) simply repeating the proof of Lemma 10.4 by lozzi 
and Witte Morris in [5]. For the convenience of the reader we repeat their 
argument. Given I E L we have I = au, and a belongs to a split torus. 
It is known (from the general theory of solvable algebraic groups) that all 
maximal split tori of L are conjugate via an element of LnN, so there is some 
X E L N such that x~^ax E A. Then {Tgput, x~^ax) being a subgroup of 
A, is a split torus. Thus, the maximality of Tgpm implies that x~^ax G Tgpm. 
Then, for t = x~^ax one obtains 

I = au = xtx~^u = t{t~^xt)x~^u G Tgpm^L fl N). 

We conclude that L = Tgpiit{Lr\N), as required. It follows that B G L G AN. 
Now we complete the proof applying Theorem |H1 
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